Introduction
A Poisson-Lie group G is a Lie group equipped with a Poisson bracket compatible with the group multiplication m : G × G → G. It turns out that the Poisson-Lie groups naturally come in dual pairs (G,G) where the PoissonLie bracket on G (G) defines the multiplication onG (G). Typically, there may exist several Poisson-Lie structures on a given Lie group G and, therefore, there are several dual pairs (G,G) where G is fixed andG varies. The classification of all Poisson-Lie structures was succesfully performed for the case where G is a simple compact group [6] . It turns out that (modulo a simple Drinfeld twist of the Cartan subalgebra) there is essentialy a unique Poisson-Lie structure whose corresponding dual groupG = AN is given by the Iwasawa decomposition G C = GAN of the complexified group G C . The canonical Poisson-Lie structure on the simple compact group G [7] appears in many applications in mathematics [1] , [3] and in mathematical physics [5] . The principal motivation of this paper is to construct its superanalogue, i.e. to consider a simple compact supergroup and to find out a Poisson bracket on it which would be compatible with the supergroup multiplication. It turns out, that this program is less straightforward than it could seem at the first sight. The principal difficulty emerges at the very beginning and it consists in finding the appropriate definition of the concept of the simple compact supergroup. Roughly speaking, a supergroup (or, rather, the algebra of functions on the supergroup) is a graded commutative Hopf superalgebra. It therefore seems that complex (real) supergroups should be seen as complex (real) superalgebras. In particular, the simple compact supergroup should be certainly a "real" object and hence tempted to identify it to a certain real Hopf superalgebra. Let us now explain, quite amazingly, that this seemingly natural point of view cannot work. Indeed, having a real graded commutative Hopf superalgebra, we can define its real Lie superalgebra Lie(G). If Lie(G) is a true Lie superalgebra (i.e. the odd part is not empty) then the results of Serganova [14] imply: if Lie(G) is simple then either it does not have the odd part (it is just a Lie algebra) or its even part is not compact. For instance, there is no real simple Lie superalgebra whose even part would be su (2) .
In [11] (first section), we argued that the no-go result of Serganova does not imply that the simple compact Lie supergroups do not exists but it rather implies that they should not be viewed as real Hopf superalgebras. Speaking more generally, we found very natural to define "real" Lie supergroups as complex graded commutative Hopf superalgebras equipped with a * -structure. The situation here is in some sense analogous to that occuring in the theory of quantum groups where e.g. the compact quantum group SU q (2) is not a real Hopf algebra but it is rather a complex Hopf algebra equipped with a * -structure (It turns out that the * -real points do not form a real Hopf algebra). Of course, the saying that the real supergroup is compact means that the * -structure must have some additional properties explaining the term compact. To this issue is devoted the first part of our thesis [11] whose results we explain in section 2.
In [11] , we have proposed the axioms which the (compact) * -structure on complex supergroup should fulfill and we have proved that every complex supergroup from the series SL(m|n, C) and OSp(2r, s) possesses a unique compact * -structure. Then, in [10] we have performed a test of plausibility of our definition of the compact simple supergroup. Indeed, we have shown that the realification of the complex supergroup SL(m|n, C) admits a superanalogue of the global Iwasawa decomposition SL(m|n, C) = SU(m|n)s(AN) where SU(m|n) is our compact real form of SL(m|n, C) and s(AN) is a real supergroup appropriately defined using the positive superroots. Finally, in this paper, we corroborate our definition by showing that our compact simple supergroup SU(m|n) can be naturaly equipped with a Poisson-Lie structure coming from the structure of s(AN).
The article is organised as follows: in section 2, we recall the definition of a real Lie supergroup as a complex commutative Hopf superalgebra equipped with a * -structure. We also give in this section the definition of real PoissonLie supergroup and real Baxter-Lie superalgebra. The crucial point here is that all these structures appear in two versions: the graded and the standard. In section 3, we remind the definition of SL(m|n, C) R , SU(m|n) and s(AN) (cf. [10] and [11] ). We establish that SL(m|n) R is the real Drinfeld double of the real supergroup SU(m|n) and s(AN), we equip it with a Poisson-Lie structure based on the Yang-Baxter operator R (cf. [13] adapted to the non super case). Then we show that the maps describing the "embedding" of the real supergroup SU(m|n) and s(AN) in its double define also a Poisson ideal with respect to the Poisson-Lie bracket on the double. Factorizing the algebra of "functions" (or, rather, of formal power series) on the double by these Poisson ideals then gives the seeken super Lu-Weinstein Poisson-Lie bracket on the compact supergroup SU(m|n) and the supergroup s(AN) such that the dual Poisson-Lie supergroup of SU(m|n) is s(AN) and viceversa. Moreover, we close the article by three supplementaries annexes which give some technical results used in the core of the article.
Real Poisson-Lie supergroup
In our thesis (cf. [11] ) we have defined standard (graded) real supergroup. We give here these definitions, theirs infinitesimal counterparts, the definitions of standard (graded) real Baxter-Lie superalgebra as well as the notions of standard (graded) real Poisson-Lie supergoups.
First, we recall the notion of supercommutative complex Hopf superalgebra. It is a sextuplets (H, µ, 1, ∆, ǫ, S) such that H = H 0 + H 1 is a superlinear space, µ :
|f ||g| µ(g ⊗ f ) (supercommutative, for short we note in the sequel µ(f ⊗ g) = f g), f (gh) = (f g)h (associativity), 1f = f 1 = f (unity), the coproduct ∆ :
A complex supergroup is a supercommutative complex Hopf superalgebra.
Let H be a complex supergroup. A linear map δ : H → C is called an ǫ-derivation if it satisfies the following property
for all f, g ∈ H. We note h the set of all ǫ-derivations on H. h is a complex superlinear space with the following gradation: δ ∈ h 0 if δ vanishes on H 1 , while δ ∈ h 1 if δ vanishes on H 0 . This linear space is endowed with the following superbracket
This superbracket is well defined because the superbracket of two ǫ-derivations is again an ǫ-derivation. It is easy to prove that this superbracket is superantisymetric i.e.
as well as fullfils the super-Jacobi identity
Thus (h, [., .] ) is a complex Lie superalgebra, this is the complex Lie superalgebra of the complex supergroup H. [15] .
In view to define real supergroup, we have to introduce the following two kinds of * -structures. 
3)
with x, y ∈ H and λ, µ ∈ C.
If the last property is replaced by the following
then ⋆ is a graded ⋆-structure.
Remark 2.2
In substance, the graded real structure are already introduced in the papers [4] , [8] and [9] . 2) A graded real Lie superalgebra is a complex Lie superalgebra endowed with a graded real structure.
Thus we have to define the notion of standard and graded real structure.
Definition 2.4 Let h be a complex Lie superalgebra. 1) A standard real structure φ is an even map φ : h → h such that
with λ, µ ∈ C, x, y ∈ h.
2) A graded real structure φ is an even map φ : h → h such that
Remark 2.3
We frequently note a graded (standard) real Lie superalgebra h by the couple (h, φ) where φ is the graded (standard) real structure of h.
Remark 2.4
The automorphisms φ, which fullfil the properties 1) or 2), have been introduced by Serganova [14] . However, she interprets only the automorphisms of the first kind as real form [14] . In our thesis [11] we explain why the second morphisms generate also real form of a complex Lie superalgebra, for this it is crucial to work at the functorial level.
Now, we prove a theorem which associate to a standard (graded) * -structure on a supergroup a standard (graded) structure on the Lie superalgebra. 
with δ ∈ h and f ∈ H.
Proof:
We begin by the proof that φ(δ) is an ǫ-derivation. Effectively, we have
1) Antilinearity:
with λ, µ ∈ C, δ 1 , δ 2 ∈ h and f, g ∈ H.
2) Lie superalgebra morphism:
Let * be a standard * -structure. We have
On the other hand, let ⋆ be a graded ⋆-structure, we have
This ends the proof.
In view to illustrate these definitions, we study the complex supergroup
It is the superalgebra of formal series generated by x ij for i, j = 1...m + n, it is a supercommutative Hopf superalgebra for the coproduct, counity and antipode
ij , where X is the matrice defined by (X) ij = x ij and (1 + X) −1 is the inverse of the sum of the unity matrice 1 with the matrice X. These three maps are defined on all the elements of C[[x ij ]] because they are superalgebra morphisms. The gradation of the generators x ij is |x ij | = |i| + |j| where |i| = 0, |j| = 1 for respectively i = 1...m, j = m + 1...m + n. Furthermore, the generators fullfil the following equalities x ij x kl = (−1) (|i|+|j|)(|k|+|l|) x kl x ij so that C[[x ij ]] is supercommutative. The counity and the coproduct seem surely more familiar to the reader on the generators u ij = δ ij + x ij i.e.
The supergroup SL(m|n, C) is the supercommutative Hopf superalgebra C[[x ij ]] factorised by the ideal of Hopf superalgebra generated by the relation sdet(1 + X) − 1 = 0 with the superdeterminant defined by
where A, B, C, D are respectively m × m-matrices, m × n-matrices, n × mmatrices and n × n-matrices. We note the complex Hopf superalgebra of , it is sufficient to evaluate it on the generators x ij . We note δ(x ij ) = M ij , thereby δ defines a supermatrice 2 M which have the same parity of δ. Reciprocaly any supermatrice M define an ǫ-derivation by the following formula δ M (x ij ) = M ij . Moreover, we have the following equality
Hence, the complex Lie superalgebra of C[[x ij ]] is isomorph to the Lie superalgebra of supermatrices M(m|n, C). Moreover we have
The proof that this ⋆-structure is graded is done in [10] and [11] . This ⋆-structure gives on the Lie superalgebra sl(m|n, C) the following graded real structure
Thus φ(M) = (−1) |M |M st where the supertranspose of a supermatrice is defined by the following equality
The set of complex (m + n) × (m + n) supermatrices, noted M (m|n, C), forms a superlinear space which elements are such that
where P, T are respectively m × m, n × n complex matrices and Q, R are respectively m × n, n × m complex matrices. The even complex matrices are such that Q = R = 0 and odd complex supermatrices satisfie
with t the usual transposition of matrices. We remark that the real Lie algebra of fixed points of φ is su(m) ⊕ su(n) ⊕ u(1) which is the direct sum of three compact real forms. Thereby, we say that (
is a compact graded real supergroup and we call it SU(m|n).
We have previously defined real supergroup like supercommutative Hopf superalgebra with a * -structure. Thus, if we endow a real supergroup with a supplementary structure (for instance a Poisson superbracket), then it is necessary to impose that the * -structure and the extra structure satisfy some compatibility relation. Here is an example with real Poisson-Lie supergroup.
Definition 2.5 Let (H,*) a standard (or graded) real supergroup. (H,{.,.},*) is a standard (or graded) real Poisson-Lie supergroup if it exists a bilinear map
it fullfils the super-Jacobi identity:
ii) it is super-antisymetric:
iii) it fullfils the super-Leibniz rule:
{f, gh} = {f, g}h + (−1) |f ||g| g{f, h},
iv) the coproduct ∆ of H is a Poisson morphism:
v) it is compatible with the * -structure:
Remark 2.5 When a map (f, g) → {f, g} fullfils the properties i) to iii), one said that it is a Poisson superbracket, if furthermore it fullfils iv) one said that it is a Poisson-Lie superbracket. The superbracket is defined on H ⊗ H (cf. [2] ) by
It fullfils automaticaly the super-Jacobi identity, super-Leibniz rule and superantisymetry if {., .} fullfils them.
Remark 2.6
The Poisson-Lie groups and quantum groups are intimetely linked, in fact the first are obtained as quasi-classic limit of the last. In particular, the compatibility of the product and the * -structure gives precisely, via the quasi-classic limit, our condition v), which exprims the compatibility of the Poisson superbracket with the * -structure.
In the same order of idea, we give the definition of a Poisson-Lie subsupergroup.
Definition 2.6 Let (H,{.,.},*) a standard (or graded) real Poisson-Lie supergroup. Then K, is a Poisson-Lie sub-supergroup of (H,{.,.},*) if i) it exists an ideal of Hopf superalgebra
I such that K = H/I, ii) I * ⊂ I, iii) {I, H} ⊂ I .
Remark 2.7 An ideal I of Hopf superalgebra H is a subset of H such that
I.H ⊂ I, ǫ(I) = 0, ∆(H) ⊂ I ⊗ H ∔ H ⊗ I and S(I) ⊂ I.
The property iii) in the previous definition means that I is an ideal of Poisson superalgebra.
As in the non-super case, a super Poisson-Lie structure equips the dual linear of its Lie superalgebra with a structure of Lie superalgebra. Before proving this result, we introduce the linear dual of the Lie superalgebra of a supergroup. In fact, we have: 
Proof:
Let δ be an element of h and we note by the same letter its restriction to Kerǫ. As δ fullfils the property δ(f g)
Thus, the duality between h and m is given by the following formula
where Ω(f ) means the equivalence classes of f in m for f ∈ Kerǫ.
Reciprocaly, let d ∈ m * and δ be a linear map from H to C such that
These two linear morphisms are clearly inverse of each other. Moreover, m * is equipped of the following superbracket
for all f ∈ Kerǫ and x, y ∈ m * . And it is easy to observe that for the two previous maps the image of the superbracket is the superbracket of the image, thus h and m * are isomophic Lie superalgebras. [12] . We give it in order to keep this paper self-contained.
Remark 2.8 This theorem is a generalisation of a well known theorem in the non-super case, as we can find it in
As in the non-super case, a Poisson-Lie structure induces on the linear dual of its Lie superalgebra a structure of Lie superalgebra, this is the following proposition. 
Proof:
The gradation of h * is the following: Ω H (f ) ∈ h * 0 if f ∈ Kerǫ H and |f | = 0 whereas Ω H (f ) ∈ h * 1 if f ∈ Kerǫ H and |f | = 1. As the coproduct of H is a Poisson morphism, we deduce that ǫ H ({f, g} H ) = 0, ∀f, g ∈ H. Thus, for f, g ∈ Kerǫ H we have {f, g} H ∈ Kerǫ H , so {., .} H is defined on Kerǫ H . Moreover, as {., .} H fullfils the super-Leibniz rule, it turns out that (Kerǫ H ) 2 is a Poisson ideal of the restriction of {., .} H to Kerǫ H . Then, it is easy to observe that the following bilinear map [ 
is super-antisymetric and satisfies the super-Jacobi identity since {., .} H fullfils them.
two points of views. First we construct a classical r-matrix which endows SL(m|n, C) R with a Poisson-Lie structure and secondly we show that this latter go down on SU(m|n) such that it becomes a Poisson-Lie supergroup.
It remains to define the notion of Baxter-Lie superalgebra (in the non-super case see [13] 
satisfies the Baxter-Lie equation:
and fullfils the following relation of compatibility with the standard (graded) real structure φ:
Remark 2.9 Thus, in the non-super case, the relations of compatibilities of the real structure φ with R and the scalar product allow to these last two maps to be defined on the space of fixed points of φ. In other words, the real form associated to φ is a Baxter-Lie algebra on R.
are sub-supergroups of SL(m|n, C) C (cf. [10] and [11] ). Next, we determine their Lie superalgebra, we endow the Lie superalgebra of SL(m|n, C) R with a structure of graded real Baxter-Lie superalgebra. Finaly, we establish that SL(m|n, C)
R is the double of SU(m|n) and s(AN), these two last supergroups becoming dual graded real Poisson-Lie supergroup.
Definition 3.1
The Hopf superalgebra and ⋆-structure which define the graded real supergroup SL(m|n, C)
R are respectively
Definition 3.2 The Hopf superalgebra which define the graded real supergroup SU(m|n) is
where I is the Hopf ideal generated by the relations
The ideal I fullfils I ⋆ ⊂ I, where ⋆ is the graded ⋆-structure of
is endowed with a graded ⋆-structure.
Definition 3.3 The Hopf superalgebra which define the graded real supergroup s(AN) is
where J is the Hopf ideal generated by the relations
Remark 3.1 In the sequel, we work preferentialy with the generators u ij = δ ij + y ij and w ij = δ ij + z ij . One remarks that in these variables the coproduct and conunit are 
because one have
The Lie superalgebra g of Now, we show that d is graded real Baxter-Lie superalgebra. Indeed, d is endowed with the following supersymetric invariant scalar product
where (A,
Str(AC) (see Annexe 1). This scalar product fullfils the relation of compatibility with the graded real structure φ i.e. one have
d is also provided with the linear operator R d defined by d, g, b) is a Manin supertriple as it is defined in [2] .
This operator is antisymetric
For a classical r-matrix R on a Lie algebra of a Lie group G, it is associated in [13] a Poisson-Lie bracket on G. The super case have been traited in [2] , thus the superbracket (3.3) in the following theorem is inspired from the one defined in [2] .
It is time to write the mains theorems of this article.
Theorem 3.1 Let SL(m|n, C)
R be the graded real supergroup equipped with the following superbracket 
and the following properties
Proof of the Theorem 3.1:
First, we show that ∆ is a Poisson morphism (cf. prop. iv) def. 2.5).
With the help of the formula (3.4) we rewrite the superbracket (3.3) with the ǫ-derivations, i.e. we have
. On the one hand, we have
On the other hand, we have
We observe that δ a f vanish when |f | = |a|, which means that the a priori non-zero terms are such that |f | = |a|. Thus, the exposant of the sign of the first term becomes (|f
and the exposant of the sign of the fourth term is equal to (|f
So that, the first and last term cancel each other. On the other hand, the exposant of the sign of the second term is |a||f | + |f ′′ ||g ′′ | and for the third one have |f ′′ ||g ′ | + |a||g|. Thus, the expression (3.6) is equal to the expression (3.5), which imply that ∆ is a Poisson morphism for the superbracket (3.3).
We deduce the superantisymetry of the superbracket from the supersymetry of the scalar product (., .) d and the antisymetry of R d . This superbracket fullfils also the super-Leibniz rule because the operators ∇ R,L ha are superderivations.
It remains to prove the super-Jacobi identity. We define the following YangBaxter superbracket
This Yang-Baxter superbracket has been already define in [2] .
We used also the following convention
Then, the super-Jacobi identity is equivalent to
Moreover, from the fact thar R d fullfils the Yang-Baxter identity and is antisymetric we deduce that
These two expressions are basis independant, thereby we write them with the basis e i = (v i , 0), (0, v i ) and its dual basisê i = (v i , 0), (0, −v i ). Furthermore, it is sufficient to prove the super-Jacobi identity on three generators taken among u ij , w ab . Thus, we evaluate the terms of the sums (3.7), (3.8) on the generators u ab , u cd , w mn , we have
is zero, this proves the super-Jacobi identity on three generators u ab , u cd , w mn . The proof is the same for three generators u ab , w cd , w mn . Therefore, it remains to prove the super-Jacobi identity on three generators of the same kind. We do it for three generators choosed among the generators u ab , the proof is identical for the generators w cd thus we don't give it. We have the following equality (cf. annexe 2) m+n i,j,k=1 
Thus, we have proved the super-Jacobi identity.
ii) I,J Poisson ideals:
In view to prove that I, J are Poisson ideals for the superbracket (3.3), we exprime this superbracket in another basis. Let T i , t i be a basis of respectively g and b defined by (cf. annexe 1 for notations)
the vectors T i , t i are a basis of d, and its dual basis isT i = t i ,t i = (−1)
|i| T i . In this basis T i , t i the expression of the superbracket (3.3) becomes
Moreover, we have (cf. annexe 3)
From this equality, we deduce the following new expression of the superbracket (3.13)
Then, since T i is a basis of g, the ideal I is invariant under the superderivations ∇ First, we remark that
Thus, we have
In exchanging h a by φ(h a ) and by observing that φ(h a ) = φ(ĥ a ), we deduce
= {f, g} * .
Proof of the corollary 3.1:
It is a direct consequence of the previous theorem 3.1.
Proof of the theorem 3.2:
The strategy of the proof is the following, first we prove that the Poisson-Lie superbracket (3.14) and the 
where H * 0 = n−m n+m H 0 . We remark that f i ∈ J and g i ∈ I. Moreover, we note Ω D the canonical projection
is given by (cf. (2.10))
Thus the familly of vectors Ω D (f i ) are in duality with δ T i and cancel on δ t i , while Ω D (g i ) are in duality with δ t i and vanish on δ
are respectively a basis of G * and B * . From the proposition 2.1, we deduce that d * is endowed with the following Lie superbracket
for all f, g ∈ Kerǫ D . Now, we show that d * is a direct sum of Lie superalgebra i.e. d * = G * ⊕ B * . The expression of the Lie superbracket (3.17) in the basis
. Since δ T k and δ ts cancel respectively on I, J and that {f i , g j } is in I and J, we deduce that
We have also
We find with the help of the expression (3.14) of the superbracket (3.3) the equalities
Moreover, from the following equality
Thus, d * is a direct sum of Lie superalgebra. On the other hand, with the help of the proposition 2.1, it turns out that d * is endowed with the graded real struture
. Furthermore, as I and J are invariant under ⋆ and f i , g j are respectively in I and J, it turns out that G * and B * are invariant under ϕ. So (G * , ϕ | G * ) and (B * , ϕ | B * ) are graded real Lie superalgebra.
Let T be the isomorphism defined by
in other words T is an isomorphism of Lie superalgebra. Nex with the help of the scalar product (., .) d we define the isomorphism I :
We apply T on the two members of the previous equality
From the fact that I(ω) = i |ω| T (ω), ∀ω ∈ G * and the previous equality we find
Thus, (G * , ϕ | G * ) et (b, φ B ) are graded real Lie superalgebra.
We turn to the proof of the isomorphism of (B * , ϕ | B * ) and (g,
|a|+1 Ω D (g a ) and the morphism S : B * → g define by
Thus, The equality (3.21) imply
i.e. S is an isomorphism of Lie superalgebra from B * to g. The scalar product gives also an isomorphism from B * to g such that I(Ω D (g a )) = −δ Ta . It appears that I = −S. On the other hand, the graded real structure is defined on
We exprim this previous element in the basis Ω D (g a ) i.e.
We apply S on each side of the previous equality, thus we have
Thus, if |g| = 0 we have S • ϕ = −φ • I, but since I = −S we deduce
with M = (A, B), A, B ∈ sl(m|n, C), K = diag(1 m , −1 n ) and KM = (KA, KB). Thus, S • ϕ • S −1 is conjugated to φ and so (B * , ϕ | B * ) and (g, φ G ) are isomorphic graded real Lie superalgebras. Now, we equipp g * with a graded real Lie superalgebra, and we prove that it is isomorph to (G * , ϕ | G * ). Let i G , Ω G be the following morphism of superalgebra
and remember that g
which cancel on I. Thus, (δ T i ) is an element of g defined by the following formula
where f i are defined by (3.15) , it is in duality with the basis (δ T i ) of d, indeed we have
So, the set Ω G (i G (f i )) is a basis of g * . We define the Lie superbarcket by
for all f, g ∈ Kerǫ D . On the other hand, we deduce from the equation (3.18 ) that
We evaluate Ω G • i G on each side of the previous equation i.e.
Thus, the isomorphism of supervector space T :
is an isomorphism of Lie superalgebra since from the previous equality and the formula (3.18), (3.22) we deduce
Finaly, the graded real structure of g * is defined by
We apply the morphism T on the previous equality
This imply
In other words T is a graded real Lie superalgebra morphism.
In the same way, we can prove that b * is isomorph like graded real Lie superalgebra to (B * , ϕ), the proof is similar thus we don't write it. Now, we explain why this construction is the super-version of the Lu-Weinstein Drinfeld double.
For n = 0, we have
Since the fixed points of φ is the set {(X, −X t ), X ∈ sl(m, C)}, the scalar product (., .) d becomes
Thus, what we have done is the complexified version of the Lu-Weinstein Drinfeld double, the fact that this complexified double gives (for n = 0) a real double comes from the properties of the real structure φ with the structure of Lie algebra, the scalar product (., .) d and the classical r-matrix R d .
Annexe 1: sl(m|n, C).
In this annexe, we give some useful properties for the Lie superalgebra sl(m|n, C) for m = n. We assume in this section m = n.
The Lie superalgebra sl(m|n, C) = {M ∈ M(m|n, C) /Str(M) = 0} have the triangular decomposition
where sl(m|n, C) + is the strict (zero on the diagonal) upper triangular complex matrices, sl(m|n, C) 0 is the set of supertraceless diagonal supermatrices and sl(m|n, C) − is the set of strict lower triangular supermatrices. Thus, every elements x ∈ sl(m|n, C) have the unique decomposition x = x + + x 0 + x − where x i ∈ sl(m|n, C) i , i ∈ {+, 0, −}. On the other hand, sl(m|n, C) is provided with the following scalar product
which satisfies the following properties
∀M, N, P ∈ sl(m|n, C). When a scalar product fullfils the first property we said that it is invariant, for the second property we said that it is supersymetric. Furthermore, sl(m|n, C) has the following properties:
(1) sl(m|n, C) i are Lie sub-superalgebras for i ∈ {+, 0, −} and [sl(m|n,
⊥ where g ⊥ is the orthogonal of the set g in sl(m|n, C) for the scalar product (3.23). Now, we give a basis of sl(m|n, C). We note E st the supermatrice such that (E st ) ij = δ si δ tj . A basis of sl(m|n, C) + is
these are the positive roots of sl(m|n, C), which we symbolize by α, γ > 0. A basis of sl(m|n, C) − is
where t is the usual transposition. These are the negatives roots α, β, γ < 0. While a basis of sl(m|n, C) 0 is
to which we must add the following supervector
This basis is normalised such that
and the supertrace of other couples is zero. Furthermore, a basisv i is a dual basis of v i if it fullfils (v i ,v j ) sl = δ ij . Thus, the dual basis of v i iŝ
with γ > 0 and α, β positive as well as negative roots.
Annexe 2:
Proof of the equality (3.9).
Let e i = {E α , H µ } be a basis of sl(m, C) ⊂ sl(m|n, C) andê i = {Ê α ,Ĥ µ } the dual basis for (., .) sl , then we define the Wess-Zumino-Witten form
We develop the right hand side of this equation and gather identical terms i.e. we obtain
On the other hand, we have the following equality m s,t,p,q,a,b=1
Since E α = E st with t > s for α > 0 and s > t for α < 0, we deduce
withÊ st = (−1) |s| 2iE ts such that (E ts ,Ê ab ) = δ t,b δ s,a . In the same way, we prove that W ZW sl(n,C) = 1 6 
In other words, we have prove the equality (3.9). From the expression of the basis T a , t a (cf. (3.11) and (3.12)), we deduce 
